A horn angle has been defined by E. Kasner as a figure formed by an ordered pair of oriented analytic arcs which pass through a common point in a common direction and which have contact of order n ^ 1 at the common point. The order of contact is said to be the order of the horn angle. Thus, in a horn angle of the first order the arcs forming its sides have, at the vertex of the angle, the same inclination (direction) but different curvatures. Horn angles of the first order have a unique absolute conformai invariant, first found by Kasner.
in terms of u and v under the same conditions. As a consequence, the invariants are presented in a form which permits of their being interpreted as invariants, not only under the conformai group, but also under a group of multiply differentiable transformations of the type : x = x(u), y = y (v) , where x is a function of u alone, and y is a function of v alone.
In §3 we obtain, in terms of what we define as higher Schwarzian derivatives, an infinitude of differential and integral invariants under the inversive group. The fundamental differential inversive invariant, which is of the fifth order, was first obtained by G. Mullins 6 and later, using other methods, by Liebmann, Kubota, Morley, Patterson and Kasner. 7 The use of higher Schwarzian derivatives enables us to obtain simply and in compact form an infinitude of relative and absolute differential and integral invariants of curves.
In §4 we derive inversive invariants of horn angles of order n^3.
2. Conformai invariants of horn angles of the first order. Let the transformation
map a region r of the gaussian s-plane conformally on the region r' of the w-plane. Let the analytic arcs 8 C\ and c% in the region r be the first and second sides respectively of a horn angle of the first order, a, the vertex of which is at the point P. Let T map C\ and c% upon the arcs c{ and ci respectively in r' where the latter form a horn angle of the first order, a', with vertex at P'. Let 6 represent the common angle of inclination at P of C\ and Ci, ki and k 2 their respective curvatures at P, while dki/dsi and dk^/dsz represent respectively the values at P of the derivative of curvature with respect to arc-length. The same symbols primed represent the corresponding quantities associated with c{ and ci at P'.
Let f(z, z)=0 be the self-con jugate equation (in isotropic coordinates) of a curve c in the s-plane. Likewise, let arcs c\ and c% be represented by fi(z, z)=0, ƒ2(2, z)=0, respectively, and let their images e', c(, ci on the w-plane be given by g (u, u) 
Evidently the derivatives of z with respect to u as well as of z with respect to û are independent of the particular curve c; furthermore, a' being a horn angle of the first order, dui/dûi = du2/dÛ2 at P'; consequently, by applying equation (2.2) to Ci and ci, and subtracting the results, we get 
showing the effect of a direct conformai transformation on {z, z).
From (2.5') we find that, for the horn angles a and a' at points P and P',
Consequently, horn angles of the first order possess the complex relative conformai invariant of the third order given by the left member of (2.6).
From the relative invariants (2.4) and (2.6) of index one and two respectively we obtain the absolute invariant of the third order
\ dz\ f dz2
2 ). dz* \ds ) Substitution of the values given by (2.7) in (2.4) and (2.6) shows that each of these complex relative invariants implies one real relative invariant, namely,
respectively. In this form they were given in a joint paper by Kasner and Comenetz.
10
Substitution from (2.7) in M12 leads us likewise to a single real invariant, namely, Kasner's unique absolute conformai invariant of the third order of horn angles of the first order :
Comenetz 11 has proved that if a conformai transformation, S:
maps a region r± in the #i;yi-plane on a region ^2 in the ^23^2-plane, so where m = l/(/) 1/2 and J" is the jacobian of 5. These formulas, describing the laws of transformation of curvature and rate of change of curvature under conformai mapping, are equivalent, except for factors, to (2.2) and (2.50 respectively. Consequently, Comenetz's formulas are obtainable by appropriately interpreting standard identities that express the second derivative and Schwarzian derivative in terms of new variables. This remark enables us to regard (2.4), (2.6) and Mi2 as invariants of horn angles under a group other than the conformal group.
Explicitly, let the curves fi(x, y) = 0, f 2 {x, y) = 0 form a horn angle of the first order in a region R of the :ry-plane, x, y being cartesian coordinates. Let the transformation K: # = #($), y=y(t), map R uniformly and continuously on a region R' of the s£-plane. We assume that K is provided with at least third derivatives in R. Then K maps the horn angle in R on a horn angle of the first order in R'. If we now write equations (2.1) and (2.2) in terms of x, y and s, t, thereby expressing the transformations that dy/dx and d 2 y/dx 2 undergo under K, just as (2.5) does for {y, x}, we obtain the result that horn angles of the first order, under a group of transformations of type K, have the relative 12 invariants and the absolute invariant A^/Bu. 3. Higher Schwarzian derivatives and inversive invariants of curves. The inversive group in the gaussian plane is given by
The first of these equations represents a subgroup G, containing only directly conformai inversive transformations. We first consider the transformations of G. Let any member of G transform the curve C: We proceed to express ƒ5 in terms of k and derivatives of k with respect to s.
